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1. There is an error in this problem. The triangle is not neces s arily equilateral. In fact
we s hall prove that the altitude at A,  the bis ector of LB and the median at C meet at 
a common point if and only if cos B = a�c where BC = a, C A = b and AB = c. 

Let D, E and F be the points on BC, CA and A B  respectively s uch that AD is 
the altitude at A,  BE is the bis ector of LB and CF is the median at C. Suppos e that 
AD, BE, CF meet at a common point. The point of concurrence of AD, BE and CF 
mus t lie ins ide the triangle A BC. Since F is the midpoint of AB, by Ceva's theorem 
CE : EA = CD : DB. Us ing the angle bis ector theorem, CE : EA =a : c. Thus 
CD= a2 /(a+ c) and DB= acj(a +c). Thus cos B = �� = a�c· 
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Convers ely, if cosB = a�c' then LB is acute and BD = c cos B = acj(a+c) <a s o  that 
D is within BC. Thus DC= a - ac/(a +c)= a2j(a + c). Therefore BD/DC = cja. 
Consequently (AF/FB)(BD/DC)(CE/EA) = 1. By Ceva's theorem, AD,BE and 
CF are concurrent. 

So given a and c, the acute angle B and hence the triangle ABC is determined. If 
a -=/- c, then the triangle ABC is not equilateral.

2. Yes , in fact, for any k E N, there is a s et 8k having k elements s atis fying the given
condition. For k = 1, let 81 be any s ingleton s et. For k = 2, let 82 = {2, 3}. Suppos e
that 8k = { a1, ... , ak} s atisfies the given conditions . Let 

b1 = a1a2 · · · ak

bj = b1 + aj-1, 2 :::; j :::; k + 1.

Let 8k+1 = {b1, b2, ... , bk+1}. Then the fact that 8k+1 s atisfies the required property
can be verified by obs erving that lm- nl = (m, n) if and only if (m- n) divides m. 

42 





Note that a1 a2 · · · an = 1. It suffices to show that 

since it is equivalent to 

1 1 1 
-- + +···+ �n- 1. 
1 + a1 1 + a2 1 + an 

We shall show that ( * ) is true for n 2:: 2. The case n = 2 is obvious. We will now prove 
it by induction. Suppose ( * ) holds for n = k. Now assume a1 · · · ak+l = 1, ai > 0 for
all i. To prove the inductive step, it suffices to show that

which can be verified directly. 

Note: This is an extension of the problem : 
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