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Let the extension of @D meet w at R. Since ZPQR = 90°, PR is a diameter of w.
Thus ZPAR = 90° so that RA is parallel to BC. This means BCAR is an isosceles
trapezoid. Let F be the foot of the perpendicular from R onto BC. Then BE = CD
and ARFED is a rectangle. Since ZADR = 45°, ARED is in fact a square so that
AD = DE. Therefore, BD — DC = BD — BE = DE = AD.

2. When m = 0, n = —2 and when n = 0, m = 2. These are the two obvious solutions:
(m,n) = (0,—2),(2,0). We'll show that there are no solutions when mn # 0.

Suppose mn < 0. If m > 0,n < 0, then
—2mn| +8=m*+nP>m?*+n®> = 8> (m+|n|)>
Thus m + |n| =2 or m = 1, n = —1 and this is not a solution. If m < 0 and n > 0,

then
—2fmln+8=—lmf —n® < —[m? = [n]> = &< —(jm| - n)?

which is impossible.
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3. From Cauchy -Schwarz inequality, we have
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it M > 155.

4. The answer is no. Let the original array be A. Consider the following array

0 1 1 -1 -1 0

-1 0 1 -1 0 1

-1 -1 0 0 1 1

M= 1 1 0 0 -1 -1
1 0 -1 1 0 -1

. 0 -1 -1 1 1 0.

Multiply the corresponding elements of the two arrays and compute the sum modulo
3. It’s easy to verify that this sum is invariant under the given operation. Since the
original sum is 2, one can never obtain an array where all the entries are multiples of 3.

5. Note that

(mn—l-l _

(z+y)(a"-y") = y" ) + ay(z" "t -y ).

Let ¢, = -TL. Then tg = 0, t; = 1 and for n > 0, tpyo + bty + b, = 0, with

b=—(z+ y) and ¢ = zy. Then it suffices to show that b,c € Z.

If ¢ = 0, then either x =0 or y = 0. Say y = 0. Then ¢, = 2"~!, with z # 0. Then
T = tT”’:‘f € Q. From ty41 = z™ € Z, it follows that z € Z. Thus ¢, € Z for all n. The
case £ = 0 is similar.
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We now assume that ¢ # 0. Let t,, € Z for n = m,m + 1, m + 2,m + 3. Note that
" = (zy)" =t2 41 — tatni2. Thus c™, ¢+l € Z. Therefore ¢ = “:: ye Q. As before,
we have ¢ € Z. If both t,,41,tm+2 are 0, then using the recurrence, we can show easily
that ¢, = 0 for all n, a contradiction. Thus one of them is nonzero. Note that, with

k =m+ 1 or m + 2, whichever is nonzero, we have

—ctp_1 — Ik
b=___’“_.,1.__ﬂe@.
12

From the recurrence, it follows by induction that ¢, can be represented as t, = f,—1(b)
where f,—1(X) is a polynomial with integer coefficients, deg f,—1 =n — 1 and with the
coefficient of X™~1 = £1. Since b € Q is a root of the equation fn,(X) = tima1, b € Z.
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