Solutions

1. Answer: (D).

The original values are 2100 + 120% = 1750 and 2100 -+ 80% = 2625 respectively. Then the

profit is
1750 + 2625 — 2 x 2100 = —175.

2. Answer: (D).

If z + 2013 = 0, then z = —2013. Suppose z + 2013 # 0. Then 23—z — 1 = +1.

If 23 — z — 1 = 1, there is no integer solution; if 2% — z — 1 = —1, then z = 0,1, —1. Since
x4+ 2013 is even, z =1or x = —1.
3. Answer: (E).

(A) and (B) are the reflections with respect to y = z and y = —= respectively; (C) and (D)

are the rotations about the origin by 90° and —90° respectively.

4. Answer: (A).

For any positive integer n,

2013" — 1803™ — 1781" + 1774" = (2013" — 1803") — (1781™ — 1774™)

= (2013 — 1803)u — (1781 — 1774)v = 210u — 7o,
2013" — 1803™ — 1781" + 1774™ = (2013" — 1781") — (1803" — 1774™)

= (2013 — 1781)z — (1803 — 1774)y = 29z — 29y.

So 2013™ — 1803™ — 1781™ 4 1774™ is divisible by 7 x 29 = 203 for every positive integer n.

5. Answer: (C).

Rewrite the equation as
ey’ +y’ —r—y=(y- 1)@y +1)+y) =n

If n = 0, then there are infinitely many integer solutions. Suppose n # 0, and the equation
has infinitely many integer solutions. Then there exists a divisor k£ of n such that y —1 =%

and z(y + 1) + y = n/k for infinitely many =. It forcesy +1=0, i.e., y = —1. Thenn = 2.

6. Answer: (E).
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Let £ =sinfBcosf. Then

13_ (1 1 \? 1-2sinfcosfd 1-2k
36  \sind cosf/ = (sinfcosf)2 k2

Solve the equation: k = 6/13 (k = —6 is rejected). Then sin 26 = 2k = 12/13 and

cos?d —sin?6 _ cos20 5/13 5

cotf —tanf = sinfcos6  lsin20 6/13 6
7. Answer: (A).

A__——_ B
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Let ZAOB = a and ZADO = 3. Then %(a + 3a) = 28; that is, & = 8. Given that

sin(3c/2) _ 3sin(a/2) — 4sin®(a/2)
sin(a/2) sin(a/2)

g = =3 — 4sin?(a/2).
. 9 1
Then sin®(a/2) = g Hence,

SABocC _ sin(m — 2a)
SAAOB sin o

=2cosa =2 (1 - 2sin*(a/2)) =

l\D'I Lo

8. Answer: (C).

26



Let the side of the square be 2. Then the radius of the circle is v/2. Let § = ZXOY. So

MY -
tan(f/2) = U0 = MY = PMtan30° = \/Eﬁ 1.

Then
2tan(6/2)  V6-+/3

tanf = —

1 -—tan%(6/2) V2

9. Answer: (E).

Let z and y denote the numbers of hours after 2:00p.m. that the first and the second person

visits the swimming pool, respectively. Then

0<2<y<3 and y<z+1.
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5/2 5
So the chance that they meet is —9;2 =3

10. Answer: (D).

Let P and P’ be the projections of O and O’ on AB respectively. Then
/ / ]' ]‘ ! 1 / 1 /
PP = AP - AP = ~2—AB- §AB = §(AB~AB)= §BB.
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Similarly, let @ and @’ be the projections of O and O’ on AC respectively, then QQ’ = —;«CC’ .

sin/0'0OP = —— = 22 =5sinZ0'0Q = £0'OP = £0'0Q.
So ZAB"C" = LAC"B". 1t follows that AB" = AC".

11. Answer: 8000.

4
tana = 4tanf = row = tana = 2. The two legs are f and { respectively.

200 400

1
Area = — X — = 8000.
2 VB
12. Answer: 595.
1+ 10 9N 3 1-10zx a0
Let f(z) = 10— 1005 Then f2(z) = —100 , [P (z) = 1051008 and f4(z) = z. Then
1 a1\, se000 (1) _ 1 2 2 4 1
f(2)+f (2)+ + f 5 = 1500 | f 3 +f +f + f
3 1 1
—1500(—5—5—6-{-154- )—595.
13. Answer: 6.
A
\ c
D
B

Since LA = 4D and £C = £B, the triangles AACP and ADBP are similar. Then

DP AP AP 2

14. Answer: 80.

The region S is the hexagon enclosed by the lines

1
z==+10, y=+10, x4+ 5Y = +10.
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1
The largest circle contained in .S is tangent to + Y= +10. Hence, its radius is the distance
1
from the origin (0,0) to = + 3V = 10:
10

T e

The area of the largest circle is thus 772 = 7(4v/5)? = 807.

Y

z+3y=10

:r+§y=-—10

15. Answer: 10.

Let 21 = 1'3,-‘17 — %\/6 and 29 = f!l?’ + ?,;\/6 Then

=) (17— LN P
bumlmg—\/(IT V6 17+4\/6w =5

a® = (21 4 22)% = 2 + 23 + 3z120(21 + 72)

2 1
= <17—?4Z 6) +(17+Z7‘/é> +3ab=34+75a.

Then a = 4 and thus ab = 10.
16. Answer: 101.
Case 1: n < 1000. Write n = abc. Then
a+b+c=09, a,b,ce{0,1,...,9}.
Case 2: 1000 < n < 2000. Write n = labc. Then
a+b+c=38, a,bce{0,1,...,8}
Case 3: 2000 < n < 2013. Then n = 2007.

—1 -
Therefore, there are <9 +g ) + <8 + : 1) 4+1=55+45+ 1= 101 such numbers.
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17. Answer: 10001.

18.

19.

20.

Let n = 0. Since p(m) — 1 | m? for all m, degp(z) < 2. Let p(z) = az? + bx + c. Then

p(m) — p(n) _ a(m? — n?) + b(m — n) =a(m+n)+b
m—1n m-=n

divides m +n. If a # 0, then a = £1 and b = 0; if a = 0, then b = +1. Thus
p(z) =+z?+¢, z+e, c

Since p(0) = 1 and p(1) = 2, we have p(z) = 2+ 1 or p(z) = = + 1. The largest possible
value of p(100) is 100% + 1 = 10001.

Answer: 31.

3 _ 3 2
Letk=?—-a—=<é> ~«%. Then

a2b a
(5) + () -1=0

The only possible positive rational solution of 3 + kz? —1 = 0 is = 1; namely, a = b.

Conversely, if a = b, then it is obvious that a?b | (b — a3).

Then 2013 > a2 + b = 2a? implies a < 31.

Answer: 0.

Let y = —z. Then g(f(0)) = f(z) for all . This shows that f is a constant function; namely
f(z) = ¢ for some c. So that g(c¢) = g(f(0)) = f(z) = c. For all z,y, we have

(z+y)g(y) = g(f(z+y)) — f(z) = g(c) —c=0.
Since z + y is arbitrary, we must have g(y) = 0 for all y. Hence,
9(0) +g(1) +--- +¢(2013) = 0.
Answer: 36.
Let z, y and z denote the numbers of chocolate, licorice stick and lolly, respectively. Then
z + 0.5y + 0.4z = 10.
For each k= 0,...,10, consider 0.5y 4+ 0.4z = k, i.e., 5y + 4z = 10k. Then

2|y and 5|z
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21.

22.

23.

Set y = 2s and z = 5t. Then 10s + 20t = 10k, i.e., s +2t = k. Thent¢ =0,...,|k/2|. So

there are |k/2] + 1 ways to use k dollars. The total number of ways is

10
> (lk/2) +1)=14+1+2+24-+5+5+6=36.
k=0

Answer: 81.
Suppose f(f(f(n))) =n for all n. For some k € {0, 1,2}, there exist distinct a;, b;,¢;, i < k,
such that f(a;) = b;, f(b;) = ¢; and f(¢;) = a; and f(n) = n if n # a;,b;,¢;. So the total

number of required functions is

G+ @)eeri= () -o

A triangle can be formed using 3, 4, 5 or 6 vertices.

A

Answer: 287.

/ N\

So the total number is

(o () asan () ()

Let n > 2 be an integer, and let S, denote the number of ways to paint n seats a,...,a, as

Answer: 66.

described, but with a; painted red. Consider S,..o where n > 2.

Case 1: ag is painted red. Then there are 2 choices for az. Thus, the total number of ways

for this case is 259,.

Case 2: a3 is not painted red. Since the colour of as is uniquely determined by the colour of

as, this is equivalent to the case when there are (n + 1) seats. The total number of ways for

this case is Sp+1-
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We conclude that Spy2 = Spt1 + 2S5,. It is clear that So = S3 = 2. Then Sy = 6, S5 =10
and Sg = 22. So the required number of ways is 3 X 22 = 66.

24. Answer: 343.

B 6 X 24 c

Apply the law of cosine on AXBY and AXCZ respectively:

p> =6+ (30 — p)* - 6(30 — p),
q% =24 + (30 — )% — 24(30 — ¢q).

Then p = 14 and ¢ = 21. Applying the law of cosine in AY X Z again to obtain
k=r?=p*+¢*>—pg=142 421> — 14 .21 = 343.

25. Answer: 40.

Let R be the radius of C3. Then

(360 — R)? +360% = (360 + R)? = R = 90.

Let r be the radius of Cy. Then

/(360 + )2 — (360 — )2 + /(90 + )2 — (90 — )2 = 360 = r = 40.
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26.

27.

28.

29.

Answer: 181.

Since {z} + {z%} = 1,  + 2% = n for some integer n. Then

_ —14++/14+4n
T = 5 .
1—+/1+4n

< 10 gives 0 < n < 110; — > —10 implies 0 < n < 90.

2
If {z} + {z?} # 1, then {z} 4+ {2} = 0, which happens only if z is an integer between —10

—14+/1+44n
2

to 10. So the total number of solutions to {z} + {z?} = 1is 111 + 91 — 21 = 181.

Answer: 2040.

3+/17 3-417
5 and 8 = 5

Set S, = a™ + ™. Then

Let a = . Then af = =2 and o+ 8 = 3.

3Sn+1 + 28, = (a+ B)(@" + 72) — af(a” + 7

o n+2 n+2
= - 5 — Pn42-

Note that |3| < 1. Then for even positive integer n, |a™| = S, + |—£"] = Sn — 1.

Since Sy = 2 and §1 = 3, we can proceed to evaluate that Sg = 2041.

Answer: 300.

1
The area is 12 x 3 X 102 x sin 30° = 300.

Answer: 500.

Let the length and the height of the box be a and h, respectively. Note that a +2v/3h = 30.

Then the volume of the box is

3
2 h 1
v3a h=1(g'g-2\/§h)§%(iiz—\/—_§-—> =-2-><103=5()0,

4 2 \2 3
The equality holds if a/2 = 2v/3h, i.e., a = 20 and h = 5/+/3.
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I 30 cm {

30. Answer: 300.

3L

Let the radius of the ith hemisphere be 7; metre (rg = 1). Set h; = {/r2 | — 2.

2
@

Tic1

By Cauchy inequality,

2
(\/’r‘g—rf+ r? —r2 + ‘.-‘"%—?"g—{—?"g) S4(r§—?%+r%—r§+r%—:ﬁg+r§)

The total height h < ro+ /1§ =17+ \/r? =12 + /13 — 13 + 13 <1+ /4 =3m = 300 cm.

VA=

The equality holds if r; = 5 1=20,1,2,3.

Answer: 5.

It is clear that |z|, [y|,|2| < 1. Note that
O=z+y+z—a?—y* -2 =2(1-2)+y(l—y)+2(1-2).

Without loss of generality, assume that z < 0. Then z = (1 —y) + (—2) 2 0 and similarly

y > 0. Since
(z+9)? _ (1-2)?

1—22 = g2 25
Z e+ Yy =z 3 D) s
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32,

33.

34.

we have —1/3 < z < 0. On the other hand,

2 2 2
:1;3+y3+z3=(x—+—y) |:3(*T' +y )2 (CE—}-y) ]+Z3

=(1-2) [3(1"22)2—(1—z)2] +28=1-32"+323

increases as z increases. The minimum m = 5/9 is obtained at z = —1/3 and z =y = 2/3.

Answer: 4800.

Let S, denote the area of the region obtained in the nth step. Then Sy = 25+/3 and

3 /4\"
Sp—Sn_1=- 5 So for all n > 1. Then

4
si=sot S 1A (Y 1 (4)' s
TR0 19\ 9 0

s e ] a2 )]

As n increases, Sy, tends to S = 25v/3 - g = 40v/3. So S? = 4800.

Answer: 60024.

1
Let z = W Then
nl nl n!
znl = 0,1?7,! + 0425!' +-- 4+ an_lm + ana—!,
(n—1)! (n=1)! a,
— 1) = — 1! — -
z(n—Dl=a;(n —1)! +az 51 + -t ap—1 CEE

So n is the smallest integer such that nlz is an integer, i.e., 201310 | n!, or equivalently

611000 | n! because 61 is the largest prime divisor of 2013.

1000

Since {WJ =16, n = (1000 — 16) x 61 = 60024.

Answer: 4.

Let a,b, ¢ be fixed. Set f(x) = az? + bz + c. Then
f(-1)=a—-b+c, f(0)=¢, f()=a+b+ec
Solve the system to get

1 1 1 1
a= §f("1)“‘f(0)+’2“f(1)7 b=—§f("1)+§f(1)-
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Suppose |f(z)] <1 for all |z| < 1. Then

|20z + b = (x - %) f(=1) = 2f(0)z + (w+ —;—) f(l)l
< x—%‘+2|m|+ x+%{
< x—'«—;—‘—‘r x+%’+2§_4.

Moreover, [2z%2 — 1| < 1 whenever |z| < 1, and [2z| = 4'is achieved at z = *1.

35. Answer: 81.

Let Ej denote the expected number of steps it takes to go from & —1 to k, £ = 2,...,100.
1 1
Then Ex 1 = -2-(1 + By + Ejt1) + 5 which implies Ey1 = Ej + 2.

It is clear that E5 = 1. Then B3 =3,E4=5,...,FE,=17. So

E=FE+FE+ - +Eg=1+3+---+17=381.
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