


Thus, 

30! 
30! 
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226 . 314 . 57 . 74 . 112 . 132 . 17 . 19 . 23 . 29

219 . 314 . 74 . 112 . 132 . 17 . 19 . 23 . 29

614 . 25 . 74 . 112 . 132 . 17 . 19 . 23 . 29
6 (2) (1) (1) (9) (7) (9) (3) (9) (mod 10) 
2 (  -1) (  -3) ( -1) (3) ( -1) (mod 10) 
8(mod 10), 

showing that the last non-zero digit is 8. 

4. Answer. 10

D 

Solution. Let E be the point inside f:,ABC such that f:,E BC is equilateral. Connect A
and D to E respectively.
It is clear that f:,AE B and f:,AEC are congruent, since AE = AE, AB = AC and
BE= CE. It implies that LBAE = LCAE = lOa.
Since A D = BC = BE, LE BA = LDAB = 20a and AB = BA, we have t:,ABE and
f:, BA D  are congruent, implying that LAB�= LBAE = lOa.

5. Answer. 1

. . cos4 a sin4 a cos2 a c sin2 a Solutwn. Smce �(3 + -.-2 -= 1, set cos e = --13- and sine = ------:-----(3 . Then
cos sm 

(3 cos sm 

cos ( e - a) = cos e cos a + sin e sin a = cos2 a + sin 2 a = 1.

50 

D 





Now let x2 +ax+ b = (x- xl) (x- x2), where x1 :::; x2. Then the set of integer solutions
of x2 + ax + b < 0 is 

{k : k is an integer, x1 < k < x2}.

By the given condition, 

{k: k is an integer, x1 < k < x2} = {k: k is an integer, -11 < k < 6}

= {-10,-9, . .  · , 5}. 

Thus -11 :::; x1 < -10 and 5 < x2 :::; 6. It implies that -6 < x1 + x2 < -4 and 
-66 :::; X1X2 < -50.
From x2+ax+b = (x-x1) (x-x2), we have a= -(x1 +x2) and b = x1x2. Thus 4 < a< 6
and -66:::; b <-50. It follows that 54< a- b < 72. 
Thus max:Lia- biJ :::; 71.
It remains to show that it is possible that lla- biJ = 71 for some a and b. 
Let a= 5 and b = -66. Then x2+ab+b = (x+11) (x-6) and the inequality x2+ab+b < 0
has solutions {x: -11 < x < 6}. So the set of integer solutions of x2 + ab+ b < 0 is really
the set of integers in A n B. 
Hence max:Lia- biJ = 71. D 

10. Answer. 8

Solution. We consider the polynomial

P(t) = t3 + bt2 + ct +d.

Suppose the root of the equation P(t) = 0 are x, y and z. Then 

-b = X+ y + Z = 14,

and 

x3 + y3 + z3 +3d= (x + y + z) (x2 + y2 + z2- xy- xz- yz).

Solving for b, c and d, we get b = -14, c = 30 and d = -64. Finally, since t3- 14t2 + 30t-
64 = 0 implies t = 2 or t = 4 or t = 8, we conclude that max{ a, ,B, 'Y} = 8. D 

11. Answer. 38

Solution. Let n be an even positive integer. Then each of the following expresses n as
the sum of two odd integers: n = (n - 15) + 15, (n - 25) + 25 or (n - 35) + 35. Note that
at least one of n - 15, n - 25, n - 35 is divisible by 3, hence n can be expressed as the
sum of two composite odd numbers if n > 38. Indeed, it can be verified that 38 cannot be
expressed as the sum of two composite odd positive integers. D 

12. Answer. 1936

52 





We shall show that IAI = I BI = (63°) = 34220 by showing that the mapping¢> below is a
bijection from A to B: 

First, since {a1, a2, a3 } E A, we have a1 +3 � a2 and a2+4 � a3 , and so a1 < a2-2 < a3-5,
implying that {a1, a2- 2, a3 - 5} E B.
It is clear that ¢> is injective. 
It is also surjective, as for any {b1, b2, b3 } E B with b1 < b2 < b3 , we have {b1, b2+2, b3+5} E 
A and 

Hence¢> is a bijection and IAI = I BI = 34220. 0 

16. Answer. 32

Solution. It is clear that 8(  cos 40°)3 -6 cos 40° + 1 = 0, since cos 3A = 4 cos3 A-3 cos A. 
Observe that 

3 
2
1 + 64 sin2 20°

sin2 20° cos 20° 
6 2 

---- + 32 (1 -cos 40°) 
1 - cos 40° 1 + cos 40° 
8 cos 40° + 4 32 _ 32 400

1- (cos 40°)2 + cos 

8 COS 40° + 4 -32 COS 40° + 32 ( COS 40°)3
+ 32 

1 - (cos 40°)2 

4x 
1-6 cos 40°+8(cos 40°)3

+32 
1- (cos 40°)2 

== 32, 

where the last step follows from 8( cos 40°)3 - 6 cos 40° + 1 = 0.

17. Answer. 6029

Solution. Given the original equation

f (x2 + x) + 2f(x2-3x + 2) = 9x2 -15x, 

we replace x by 1 -x and obtain 

f (x2-3x + 2) + 2f (x2 + x) = 9 (1-x)2-15(1-x) = 9x2-3x-6. 

Eliminating f (x2-3x + 2) from the two equations, we obtain 

3f(x2 + x) = 9x2 + 9x -12, 

thereby 
f (x2 + x) = 3x2 + 3x-4 = 3(x2 + x)-4,

hence f (2011) = 3(2011)- 4 = 6029. 
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20. Answer. 95004

Solution. We shall prove that for any positive integer a, if f(a) denotes the sum of all
nonnegative integer solutions to L�J = La�lJ, then

1 f(a) = 6a(a2-1)(a + 2). 
Thus !(27) = 95004.
Let n be a solution to L�J = La�1J . Write n = aq + r, where 0::; r <a. Thus L�J = q.
Also n = (a+ 1)q+r-q. Since la�1J = q, we have 0::; r-q, that is, q::; r <a. Therefore 
for each q = 0, 1, . . .  , a-1, r can be anyone of the values q, q + 1, ... , a-1. Thus 

a-1a-1 
A= LL(qa+r) 

q=O r=q 
a-1 a-1a-1 

= L(a-q)qa+ LLr 
q=O q=O r=q 

a-1 a-1 a-1 r 
= a2L:q-a Lq2+ LLr 

q=O q=O r=O q=O 
a-1 a-1 a-1 

= a2L:q-aLq2+ L:r(r+1) 
q=O q=O r=O 
a-1 a-1 a-1 a-1 

= a2 L q-a L q2 + L r2 + L r 
q=O q=O r=O r=O 

= (a2 + 1) · �a( a-1) + (1- a)· �a(2a-1)(a-1) 
1 2 6 

= 6a(a2-1)(a + 2). 

21. Answer. 48 

By using factor formulae and double angle formulae:

and 

sin A+ sinE+ sinG 4cos .:1 cos fl. cos Q 122 2 2 ---
cosA+cos B+cosC - 1+4sin 4 sin � sin � - 7' 

. . . . A . B . C A B C 12 
smA sm B smC = 8 sm 2 sm 2 sm 2 cos 2 cos 2 cos 2 = 25.

Solving these equations, we obtain 

Furthermore, 

. A . B . C 0 1sm-sm-sm- - . 2 2 2 
A B C 

cos 2 cos 2 cos 2 0. 6

sin 
C 

= cos (A + B ) = cos 
A 

cos 
B 

- sin 
A 

sin 
B 

2 2 2 2 2 2' 
5 6  

D 





p 

Let L be the midpoint of BC. It is a known fact that AH = 20£. To see this, extend
CO meeting the circumcircle of the triangle ABC at the point N. Then AN BH is a
parallelogram. Thus AH = NB = 20£. Therefore in the right-angled triangle OLC, 
OC = OA = AH = 20£. This implies L.OCL = 30°. Since the triangle ABC is acute, the
circumcentre 0 lies inside the triangle. In fact L.A = 60° and L.B = 79°. Then L.OAC = 
L.OCA = 41°-30° = 11°. Consequently, L.HAO = 2L.OAM = 2 X (30° -11°) = 38°. D 

24. Answer. 30

Let P01 = r1 and P02 = r2. First note that 0102 intersects PQ at the midpoint H
(not shown in the figure) of PQ perpendicularly. Next observe that L.APQ = L.PBQ = 
L.P0201, and L.BPQ = L.PA Q = L.P0102. Therefore L.APB = L.APQ + L.BPQ = 
L.P0201 + L.P0102.

'/'1 
'/'2 

Let L.P0201 = a and L.P01 02 = f3. Then sin a = P
2 
Q, cos a = 02H and sin f3 = r2 r2 fr�, cos f3 = 0f1

H. Thus sin L.AP B = sin ( a + /3) = sin a cos f3 + cos a sin f3 = fr� · 0f1
H +

02H. E9.. = PQ·(01 H+02H) = PQ·0102 = 1. Since L.APB is acute it is equal to 30°. D r2 2r1 2r1r2 2r1r2 2 ' · 

25. Answer. 2

Solution. Let

Assume that n � 3. It is clear that
n-1 ( ) -1

an= 2+ � ; > 2. 
�=1 
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