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(Open Section, Round 2 solutions)

1. Drop perpendiculars OM and QX onto BC, and QY from @ onto AD. First 2DM =
DM+ BD — BM = BD — (BM — DM)=PD - (CM —DM)=PD—-CD = PC. It
is a well-known fact that 20M = AH.
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Next ZCP(Q = £DBH = ZHAQ so that the triangles CPQ and HAQ are similar.
Thus the triangles X PQ) and Y AQ) are similar. Therefore

QX QX PC DM

DX QY AH OM’

Hence the triangles DX and OM D are similar. It follows that ZODQ = 90°.

2. Suppose that at most 2 squares are colored red in any 2 x 2 square. Then in any
9 x 2 block, there are at most 10 red squares. Moreover, if there are 10 red squares,
then there must be 5 in each row. This can be seen as follows. There are 8 2 x 2
blocks. Counting multiplicity, there are altogether 16 red squares. Each red square in
the interior is counted twice while each red square at the edge is counted once. If there
are 11 red squares, then there are at least 7 red squres in the interior. Thus the total
count is at least 4+7 x 2 = 18 > 16, a contradiction. If there are exactly 10 red squares,
then 4 of them must be at the edge and the red squares in each row are not next to
each other and hence there 5 in each row.

Now let the number of red squares in row i be ;. Then 7; + ;31 < 10,1 <4 < 8.
Suppose that some r; < 5 with 4 odd. Then

(ri+re)+--4+(ricet+ri—1)+ri+--+(rg+rg) <4x10+5=45
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which leads to a contradiction. On the other hand, suppose that ry,73, 75, 77,79 > 6.
Then the sum of any 2 consecutive 7;’s is < 9. Again we get a contradiction as

(ri+re)+---+(r7+78) +79 <4Xx9+9=45.

3. Letr =1/x,s = 1/y,t = 1/z. There exists a < 1 such that r + s +t = a?rst
or a(r +s+1t) = a’rst. Let a = ar, b = as, ¢ = at. Write a = tan 4, b = tan B,
c=tanC, then A+ B+ C = 7. It is clear that

1 x LHS = ! + L + L
2 V14+rZ V1482 142
1 1 1
< + +
Vi4+a2 V1402 JV1+¢?
= cos A+ cos B + cos B

A+B+C 3 1
< - )| =-==xRHS.
_3cos< 3 ) 5 2><

2nd soln: Note that

1
+-<— = zytyz+tzz<l.

1 1
_+_
xr Yy oz XYz

Hence
2x < 2x B 2x
Vita? el tay+az+yz Jzty)letz)

By AM-GM we have

2 x T
< + .
VE+y)(e+z) 2ty z+z

Similarly,

2y Y Y 2z z 2
< + ; < + .
Vy+2)y+e) " vtz yte Jeta)zty)  2Te 2ty

The desired inequality then follows by adding up the three inequalities.

4. Let P(x) = anx™ + -+ + a1z + ag. Define Q(z) = P(x + 1) — P(z). Then Q(x) is
of degree n — 1. We’ll prove by contradiction that |Q(z)| < 3 for all z. This will imply
that n < 1. Assume that |Q(a)| > 3 for some a € R. Then |P(a+ 1) — P(a)| > 3.
Thus there are 3 integers between P(a) and P(a + 1). Hence there exists three values
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of x € [a,a+ 1] such that P(z) is an integer. Thus there are three integers in [a,a + 1],
a contradiction. There are two cases:

Case (i) n = 0. Here we have P(x) = ¢ where ¢ ¢ Z.

Case (ii) n = 1. Here P(x) = sx +t. There are two integers m,n such that
P(m) =sm+1t=0and P(n) =sn+t=1. Thus s(n —m) =1 implying that 1/s € Z
and sm + ¢t = 0 implying that ¢/s € Z. Letting 1/s = p and t/s = q, P(z) = z+1
where p,q € Z and p # 0.

5. Answer: (m,n) = (1144, 377) or (377,1144).

Let m and n be positive integers satisfying the given equation. That is 2011(m +
n) = 3(m? — mn + n?). Since the equation is symmetric in m and n, we may assume
m > n. If'in = n, then m = n = 4022/3 which is not an integer. So we may further
assume m > n. Let p =m+n and ¢ = m—n > 0. Then m = (p+q)/2 and n = (p—q)/2,
and the equation becomes 8044p = 3(p? + 3¢?). Since 3 does not divide 8044, it must
divide p. By letting p = 3r, the above equation reduces to 8044r = 3(3r% + ¢2). From
this, 3 must divide r. By letting r = 3s, we get 8044s = 2752 + ¢, or equivalently

5(8044 — 27s) = ¢°. (%)

For s between 1 and |8044/27| = 297, the number s(8044 — 27s) is a square only when
s = 169. To narrow down the values of s, we proceed as follow.

Let s = 2%u, where « is a nonnegative integer and v is an odd positive integer.
Suppose « is odd and o > 3. Then (*) becomes 2%+24(2011 — 27 x 2%~24) = ¢* which
is a square. Since a+2 is odd, 2 must divide 2011 — 27 x 2%~2q, implying 2 divides 2011
which is a contradiction. Next suppose & = 1. Then we have u(2x2011—27u) = (¢q/2)2.
If w is not a square, then there exists an odd prime factor ¢t of u such that ¢ divides
2 x 2011 — 27w. Thus ¢ divides 2 x 2011 so that ¢ must be 2011 since 2011 is a prime.
But then u > ¢ = 2011 contradicting 2 x 2011 — 27w > 0. Therefore u must be a square.
This implies that 2 x 2011 — 27 is also a square. Taking mod 4, we have u = 0 or
1 . (mod 4) so that 2 x 2011 — 27u =2 or 3 (mod 4) which contradicts the fact that
2 x 2011 — 27w is a square. Thus a # 1 too. Consequently o must be even. Then
dividing both sides of (x) by 2%, we obtain u(8044 — 27 x 2%u) = ¢?/2% which is a
square. Now suppose u is not a square. Then there exists an odd prime factor v of w
such that v divides 8044 — 27 x 2%u. Then v must divide 8044 so that v = 2011. Thus
u > v = 2011. This again contradicts the fact that 8044 — 27 x 2%u > 0. Therefore
u is a square. Consequently s is also a square. Write s = w? Then (*) becomes
w2 (8044 — 27w?) = ¢® > 0. From this w < [(8044/27)z | = 17. A direct verification
shows that 8044 — 27w? is a square only when w = 13. Thus s = w? = 169. Then
p = 3r = 9s = 1521, and by (x) ¢ = (169 x (8044 — 27 x 169))z = 767. Lastly,
m = (p+q)/2=1144 and n = (p — q)/2 = 377.
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