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1. The figure shows half of the rhombus (which is an isosceles triangle), where X, Y, Z
are points of tangency of the circle to the sides AB,C B and EF respectively. Note that

/XOFE =/FEOZ, /ZOF =/F0OY, ZAOX =/ZCOY.

In particular, a + b+ ¢ = 90°.

Thus
LAEO =90° —a=b+c= ZCOF.

Hence the triangles AOE and CFO are similar. It follows that AE - CF = AO?2.
Similarly, on the lower half of the rhombus, AO? = AH-CG. Then AE/AH = CG/CF
and hence the triangles AEFH and CGF are similar. Thus ZAFH = ZCGF'. Since AB
is parallel to CD, it follows that FH is parallel to FG.

2. Let a; = 18 +19:. We’ll show that there are infinitely many ¢ such that a; consists
of only the digit 1, i.e.

10k —1
a; =184+ 19i = 5

This yields 10¥ = 11 (mod 19). Thus any positive integer of the form 10;_1, where

10* = 11  (mod 19) is in the AP. Since 10 = 11 and 10'® = 1 (mod 19), we have
106 = 11 (mod 19) for any ¢t. Thus there are infinitely many palindromic num-
bers.

3. We have
(n+2)Ans1 —nA, =2(n+1)%*

(n+1)A, — (n—1)Ap_; = 2(n)*
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From these we get

(n+1)(n+2)Ans1 —n(n+1)A4, = 2(n + 1)+
n(n+1)A, — (n — 1)nA,_1 = 2(n)?*+?
(n+1)(n+2)Anp1 — (n—1)nAn_q = 2(n + 1)2k+1 4 2(n)2k+1

Using this recurrence, we obtain

n:_—25(") where S(n) =1' 42"+ +n', t =2k + 1.
n(n+1)
Since n n
25(n) =Y (n—i)t +i*) =Y (n+1-4)" +)
i=0 =1

we see that n(n + 1) | 2S(n). Thus A, is an integer for all n.

(i) n =1or 2 (mod4). Then S(n) is odd since it has an odd number of odd
terms. Thus A,, is odd.

(ii) n=0 (mod 4). Then (n/2)* =0 (mod n). Thus

n/2

S(n) = Z (n—i)t +1*) — <g)t =0 (mod n).

1=0
Thus A,, is even.

(iii) n =3 (mod 4). Then ((n+1)/2)! =0 (mod n + 1). Thus

_(n+1)/2 N n+ 1\t _
S(n) = z ((n+1—z)+z)—( 5 ):0 (mod n +1).

Thus A,, is even.

4. First note that

3 423+ 3mxs — 1 =28 + 28 — (1) - 3z123(-1)
= $1+ZE3—1($1+1}3 +(l‘1+$3)+1)—3$1$3(l‘1+l‘3—1)
(171 + x3 — 1)[(.1?1 - .773) (.Tl + 1)(333 + 1)]

It is equal to zero only when either 7y + 3 = 1 or 1 = 3 = —1. Thus we must have
1 + x3 = 1 as they are positive. It now suffixes to show that the following is sharp:

2
113

Z (yi 4 _) >125/4 when y; +y2 =1 and y1,y2 > 0.
Yi

i=1
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To this end, it is clear that the function f(z) = (z + 1/z)3 is convex. Thus,

flz)+ f(1—2)>2f(1/2) = 125/4.

5. The only solution is (z,y, 2) = (2,3,5).

First of all, observe that (z,y) = (z,2) = (y,2) = 1. Then 2 < z < y < 2, and
combining the three given congruences we can express it as

ry+zrz+yz—1=0 (mod z, y, 2).
Since z,y and z are pairwise coprime, we have
zy+zz+yz—1=0 (mod zyz).

It follows that zy + xz + yz — 1 = k(xyz) for some integer £ > 1. Dividing by zyz, we

obtain that
1 1 1 1
-4 -=—4k>1
z Yy T TYz

Since z < y < z, it follows that

11 1 3
I<—4+-4+-<-
T Yy z =z

and this gives x = 2 as the only value. In this case, the inequalities give

1 1 1 2

2 'y oz vy

which implies that y = 3. It follows that the only possible values of z are 4 and 5.
Hence, for 2 < x < y < z, the solutions are (z,y, 2) = (2,3,4) and (2, 3,5). Since 2 and
4 are not relatively prime, the only solution is (z,y,z) = (2,3,5).
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